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LAYER POTENTIALS FOR ELASTOSTATICS AND HYDROSTATICS 
IN CURVILINEAR POLYGONAL DOMAINS 

JEFF E. LEWIS 

ABSTRACT. The symbolic calculus of pseudodifferential operators of Mellin type 
is applied to study layer potentials on a plane domain 0+ whose boundary 
&0+ is a curvilinear polygon. A "singularity type" is a zero of the determinant 
of the matrix of symbols of the Mellin operators and can be used to calculate 
the "bad values" of p for which the system is not Fredholm on LP(&O+), 

Using the method of layer potentials we study the singularity types of the 
system of elastostatics 

Lu = ,UL~u + (2 + fJ)'\l divu = O. 

in a plane domain 0+ whose boundary &0+ is a curvilinear polygon. Here 
fJ > 0 and - fJ :S 2 :S +00 . When 2 = +00 , the system is the Stokes system of 
hydrostatics. For the traction double layer potential, we show that all singularity 
types in the strip 0 < Re z < I lie in the interval (1, I) so that the system of 
integral equations is a Fredholm operator of index 0 on LP(&O+) for all p, 
2 :S p < 00. The explicit dependence of the singularity types on 2 and the 
interior angles (J of &0+ is calculated; the singularity type of each corner is 
independent of 2 iff the corner is nonconvex. 

INTRODUCTION 

Recently there has been considerable interest in using layer potentials to solve 
L P boundary value problems for elliptic operators and systems on a Lipschitz 
domain n+ in Rn. For the systems of elastostatics [DKV] and hydrostatics 
[FKV], Dahlberg, Fabes, Kenig, and Verchota have used Rellich type identities 
to prove that the double layer potential integral equations yield a Fredholm 
operator of index 0 on L2(on+). For p =1= 2 only limited information is 
available on the boundary integral equations for general Lipschitz domains in 
Rn . The general problem of the notion of symbol on the boundary of a general 
Lipschitz domain is still very much open. 

In this paper we treat a very special case: a curvilinear polygonal domain 
in R2. In this 2-dimensional case a precise symbolic calculus of pseudodiffer-
ential operators of Mellin type is available. We show that certain double layer 
boundary integral equations yield operators which for all p, 2 ::; p < 00, are 
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Fredholm operators of index 0 on LP(aO+). The singularities exhibited for 
p < 2 show the limitations of the general theory. 

We develop the theory of double layer potentials for treating boundary value 
problems for second order elliptic systems in a plane domain 0+ which is 
bounded by a curvilinear polygon ao+. The double layer potential opera-
tors on LP(aO+) are interpreted as systems of pseudodifferential operators of 
Mellin type, or more simply Mellin operators, on LP (0, 1). A symbolic calculus 
for Mellin operators was developed by Lewis and Parenti [LP] and J. Elschner 
[E]. Our particular interest is to explicitly calculate the singularity types. A sin-
gularity type of a system of Mellin operators K is defined as a complex number 
zo' Re Zo = k, at which the determinant of the principal symbol, 5mbl~ (K) , 
vanishes. Elschner [E] has used singularity types to construct parametrices and 
develop asymptotic expansions for solutions of the equation Kf = g. For a 
different approach to a symbol map on curves with corners, see Costabel [C]. 

In § 1 we describe the algebra of Mellin operators on the finite interval J == 
[0, 1]. We follow closely the notation of [E] since the parametrices have mero-
morphic symbols with poles at the singularity types. 

In §2 we describe a class of double layer kernel operators and show that they 
are examples of Mellin operators; their principal symbols are calculated. 

§3 gives a parametrization of a curvilinear polygon ao+ which reduces a 
system of double layer potential integral operators on LP (a 0+) to a big system 
of operators of Mellin type on LP (J). The part of the symbol arising from 
each vertex Pk of ao+ is the same as for the corresponding operator in a 
plane sector of interior opening Ok. Theorem 2 shows that the "bad values" 
of p for which the operators are not Fredholm on LP (ao+) are the same as 
for the sector problems; for the "good values" of p, the index of the system 
on LP(aO+) can be calculated from the change in argument of the principal 
symbol for the sector problems and Theorem 1 yields the index. Theorem 2 
should be considered as a localization result. 

In §4 we apply our results to for the system of linear elastostatics: 
(0-1) Lu = ,Udu + (A + ,U)'V divu = O. 

The numbers ,U and A are the Lame moduli; we assume ,U > 0 and that 
-,U ::::; A ::::; +00. When A = -,U, the operator L is two copies of the Laplace 
operator; when A = +00, we interpret the operator as the Stokes system of 
hydrostatics: 

(0-2) { L(u, p) = ,UdU - 'Vp = 0, 
divu = O. 

Our interest is in the description of the singularities of solutions in terms of 
the interior angles ° at the vertices of ao+ and the parameter A. We state 
our results in terms of the normalized parameter b, defined as 

(0-3) b = A + ,U 
A + 2,U , 

so that 0::::; b ::::; 1. 
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The boundary operator of physical significance is the traction operator. The 
stress tensor T = (Ti, k) is defined by 

(0-6) T k(u) = A(divu)Ji k + j.l(u i k + uk ), 
I, '" 

or in the case of the Stokes system ( ..1= +00 ), 

(0-7) 

where ui k = 8u)8xk . If iJ is the outward normal to n+ at a point P E 8n+ , 
the traction operator is 

(0-8) 

We shall also consider another conormal boundary operator 

(0-9) N,;(u) = j.l ~~ + (A + j.l) (div u)iJ , 

which for b = 0 reduces to the Neumann boundary operator. Let n- denote 
the complement of n+ u 8n+ . The boundary value problems we shall treat are 

( 1) The Dirichlet problems D ± : 

{ Lu = 0 in n±, 
(0-10) 

ul an± = g E L P(8n+). 

(2) The traction problems T±: 

{ Lu = 0 in n±, 
(0-11 ) 

T,;(u)lan± = g E L P (8n+). 

(3) The Neumann problems N±: 

{ Lu = 0 in n±, 
(0-12) 

N,;(u)lan± = g E L P (8n+). 

We represent the solutions of D ± as double layer potentials and the solutions 
of T ± and N ± as single layer potentials using the fundamental solution given 
by Kupradze [K, Chapter 9, (9.2)]: 

(0-13) ( n 2 m XiX)) r(X) = (r(X)) = J . -logr - --2 ' 
l,j l,j 271: 71: r 

'h 2 2 2 d WIt r = Xl + X 2 an 

(0-14 ) 

This fundamental solution satisfies 

(0-15) L(r(X)) = 2J(X)I, 
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where the operator L is applied to the columns of the matrix r. When b = 
1, we have n = m and as in Ladyzhenskaya [La, Chapter 3] introduce the 
fundamental pressure (row) vector: 

IX 
q(X) = --, 

7C r2 

so that {r, q} is a solution of the adjoint Stokes system 

(0-16) { .u~r+ V'q = 2J(X)J, 
divr = O. 

The solution of D ± is sought in the form of the double layer potential 

(0-17)1 

Taking nontangential limits in LP (80.+) from inside and outside 0.+, and 
calling the resulting limits u~ , we obtain 

(0-18) ± ± 1 UT (P) == Kif(P) = ±If(P) + p.v. Tz7(Q)(r(P - Q))f(Q) daQ , 
an+ 

where even in the case where 80.+ is flat the integral operator in (0-18) is not 
compact. 

In a like manner the solutions of T± and N± are represented in the form 
of a single layer potential 

(0-19) 

Applying the boundary operators T± and N± to Us we obtain integral equa-
tions which are adjoints to the double layer integral equations; e.g., 

[T±(us)zJ](P) = (Kirf(p). 
In §4 we give explicit expressions for the kernels for elastostatics and hydro-

statics in a plane sector. 
In §5 we compute the symbols for the problems in a plane sector. Theorem 7 

gives a very simple expression for the determinant of the matrix of symbols in 
terms of the parameter b and the interior angle e. 

In §6, we calculate the singularity types of Ki . We first summarize the results 
in a a plane sector in Theorem 8. Theorem 8 shows that there is a contrast in 
the cases of a corner of 0.+ where 0.+ is convex (0 < e < 7C ), and the case of 
a reentrant corner ( 7C < e < 27C). We first note that when b = 0, the operator 
T z7 does not cover L; however, N z7 covers L for 0 :::; b :::; 1. The nature of 
the singularity types is 

lIn the case b = I , the kernel Tv(Q)(r(X - Q)) is replaced by 

T~(Q)(r(X - Q), q) == (qJi,k + ,u(ri,k + rk,i))v(Q) , 

the stress tensor being applied to the columns of {r, q} . 
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Case I. For 0 < e < n, the Mellin operators ~ and K~ have the same 
singularities for 0 < b ::; 1. For 0 < b < 1 , there ar~ two singularity types in 
the strip 0 < Re z < 1 ; both singularity types are real and lie in (!, 1). When 
b = 1 , there is a value Yerit ::<::: 257°27' for which there are two singularity types 
for 0 < e < 2n - Yerit ; for 2n - Yerit ::; e < n, there is only one singularity type 
in the strip. 

Case II. For n < e < 2n, the singularity types for ~ in the strip 0 < Re z < 1 
are independent of b , lie in (!, 1) and approach ! as e approaches 2n; there 
is one singularity type in the strip for n < e ::; Yerit; a second singularity type 
develops for Yerit < e < 2n . 

Finally, Theorem 9 summarizes the "good values" and "bad values" of p 
for the double layer potential integral equations on LP (8Q+) , where 8Q+ is a 
curvilinear polygon. 

1. MELLIN OPERATORS ON A FINITE INTERVAL 

Algebras of Mellin operators on J == [0, 1] are defined in [LP, Definition 
(4.1)] and [E, Definition (4.1)]. We follow closely the notions of [E] since 
Elschner develops an extension to meromorphic symbols which arise in con-
structing parametrices. For 0 ::; a < P ::; 1, define the strip r", p = {z E C : 
a < Rez < P}, and let ry be the line {z = Y + i¢ : -00 ::; ¢ ::; +oo}. The 
symbol space !~,p is defined in [E, Definition (1.12)]. 

For f E C;'(R+) define the Mellin transform of f by 

(1-1) L f(z) = j(z) = 1000 tZ-1f(t)dt. 

-0 Let 8 = -tdldt, and for a E L",p' we define the Mellin operator a(t, 8) E 
-0 Op La,p by 

(1-2) a(t, 8)f(t) = -21 . r t- Z a(t, z)j(z) dz, 
n liRe Z=Y 

wi th y E (a, P) . 
If f E LP (J) let Rf be the reflection 

(1-3) Rf(t)=f(l-t). 
Definition 1.1. An operator A from C;'(J) to COO(J) is a Mellin operator in 
the class Op La, p (J) iff 

00 -0 (1) For all ¢, If! E Co ([0, 1)), there are operators aO</>1f/ (t , 8) E Op La, p 
and CO</>If/' compact on LP (J) for all p with ~ E (a, p) , such that 

( 1-4) 

(2) 

¢AIf! = aO</>If/(t, 8) + CO!/>If/' 
If ¢, If! E COO ([0, 1]) have disjoint supports, the operator ¢A If! 
pact on LP(J), ~E(a,p). 

(3) The operator AR == RAR satisfies conditions (1) and (2). 

is com-
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To define the principal symbol, 5mbl~ (A), for A as an operator on LP (J) , 
we use that there are uniquely defined functions ao(z), ao±(t) such that for all 
¢, \If E C:([O, 1)), 

aO¢\II(O, z) = ¢(O)ao(z)\If(O) , Z E rn,p' 

aO¢\II(t, k ± ioo) = ¢(t)ao±(t)\If(t) , 0:::; t < 1, k E (0:, P)· 
( 1-5) 

There are uniquely defined functions a 1 (z), al± (t) such that for all ¢, \If E 

C:([O, 1)), 

( 1-6) 
R (a )o¢\II(O, z) = ¢(0)a1 (z)\If(O) , 

(aR)O¢\II(t, k ± ioo) = ¢(t)al±(t)\If(t) , 

ZErn,p' 

0:::; t < 1, k E (0:, P). 
Moreover 
( 1-7) O<t<1. 

1 
Let 9f! J be the oriented boundary of the rectangle: 

( 1-8) 

1 + ioo 
P 

r 1 
P 

1 . P - 100 

t = 0 t E [0, 1] t = 1 

i 

t = 0 

1 9f!P 
J 1 

t E [0, 1] t = 1 

1 . P -100 

1 + ioo 
P 

Definition 1.2. Let A E Op L p(J) and 1 E (0:, P). The principal symbol of n, P 

A as an operator on LP (J), 5mbl~ (A), is the quadruple off unctions ao(k + i~), 
ao+(t) = a1_ (1 - t), a 1 (k + i~), ao_ (t) = a1+ (1 - t) , considered as a continuous 

1 
function on 9f! J : 

t = 0 ao+ ( t) = a 1 _ (1 - t) t = 1 
1 + ioo 1 . 
P 

11 j I 

p - 100 

ao(k + i~) 
1 

a 1 (k + i~) 9f!P 
J 

1 . 1 + ioo P -100 P 
( 1-9) t = 0 ao_(t) = a1+(1 - t) t = 1 

Definition 1.3. Let A = (A) be an N x N matrix of operators in Op L p (J) . u n, 

The system A is elliptic on LP (J) 2 iff 5mbl ~ A is a nonsingular matrix on 
1 

9f! J . A number Zo E r", p is a singularity type for A at t = 0 [t = 1] if 

(1-10) 
1 1 

det(Smbl p (A)(O, zo)) = 0 [det(Smbl p (A)( 1, zo)) = 0]. 
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The following is shown in [E, Theorems 4.4 and 4.6] and [LP, Theorems 4.1 
and 4.2]. 

Theorem 1. Let A = (A) be an N x N matrix of operators in OPL p(J). IJ Q, 

Then 

(1) A is a Fredholm operator on LP (J) iff A is elliptic on LP (J) . 
(2) If A is elliptic on LP (J), define 

(1-11) indp(A) = dim((ker A) n LP(J)) - dim((ker A*) n LP!P-l(J)). 

Then 

(1-12) 
1 1 

ind (A) ="2Ll darg(det(SmbIP A))}, 
P 7r 32J 

! 
where the change in arg is taken as gz J is traversed in the clockwise 
direction. 

Remark. In treating boundary value problems in domains with corners it is 
useful to regard Mellin operators as acting on weighted spaces, e.g., LP , a (J) == 
{f: ta f(t) E LP(J)}. In this case we suppose that both ~ + (J and ~ lie 
in (0, fi). The principal symbol would be defined on the oriented rectangle 

1 1 gzp+a,p 
J whose left-hand side is the contour r 1 , and whose right-hand side 

p+a 
is the contour r 1 . Cf. [E], but note that our notation differs slightly from [E, 

P 
(4.8) ff.]. The approach of weighted spaces is especially useful where different 
weights may be introduced at different vertices of a polygon. 

When double layer potentials on a curvilinear polygon an+ are reduced to 
a system of Mellin operators as in §3, the operators near t = 1 will correspond 
to a smooth part of an+ so that singularities at t = 1 will not appear; the 

1 
change in arg of det(Smbl p A) will occur entirely on the contour r! on the 

p 

left-hand side of (1-8). 

2. EXAMPLES OF MELLIN OPERATORS 

In this section we give examples of Mellin operators in Op La, 1 (J) . 
1. The finite Hilbert transform H is defined by 

(2-1 ) Hf(t) = p.v. ~ r' f(s) ds. 
7r Ja t - s 
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I 

H is in Op Lo ,(J) and 5mblP" H is 

1 + ioo p 

t = 0 

- cot nz 1" 

, . 
P -/00 

+i 

1 gzp 
J 

t = 1 

1 

, . 
p - /00 

+ cot nz 

1 + ioo p 
(2-2) t=O -i t=1 

2. Let k(t) EY!.oo , [LP, Definition 1.1]; i.e., k(t) E COO ([0 , 00)) and for 
every I ~ 0, J > 0, 'a' k(t) = 0(t-'+<5) as t ~ 00. Define the Hardy kernel 
operator by 

(2-3) r' (t) ds Kf(t) = 10 k s f(s) s· 
I 

Then K E Op Lo ,(J) and 5mblP" K is 

(2-4) 

1 + ioo p 

k(z) 
, . 
P -/00 

t = 0 o 

t = 0 o 

t = 1 

1 

t = 1 

, . 
p - /00 

o 

1 + ioo p 

Definition 2.1. Afunction k(x, y) is a double layer kernel if 
(I) k E cOO(R\{O}), 
(2) k is homogeneous of degree -1 and odd: for all A -I 0, k(AX, AY) = 

r'k(x, y). 

3. Let k(x, y) be a double layer kernel and 0 < {} < 2n. Define 

(2-5) Kef(t) = la' k(t-scos{}, -ssin{})f(s)ds. 

Then Ke is a Hardy kernel operator with kernel 

(2-6) ke(t) = k(t - cos {}, - sin (}). 

4. Let k(x, y) be a double layer kernel. Then 

(2-7) lim r'k(t-s,Y)f(s)ds=±ckf(t)+nk(I,O)Hf(t), 
y~O± 10 

where 

(2-8) - 1· jR k( I)d _ 1· I n - e k(cos{} , sin{}) d{} ck - 1m x, x - 1m . {} . 
R~oo -R e~O+ e SIn 
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This is simply the observation that if we let 

¢(t) = { k(t, 1) - k(1, O)lt, 
k(t, 1), It I < 1, 

It I > 1, 

then ¢(t)=0(llt2 ) as Itl----+oo,sothat ¢EL'(R). The function 

11' t - s - ¢(-)J(s) ds 
y 0 y 

is dominated by the Hardy-Littlewood maximal function of J and approaches 
±(J ¢(x) dx)J in LP(J) (cf. Stein [Stl). Since k(x, 0) = k(l, O)lx is an odd 
function, (J ¢(x)dx) is given by (2-8). 

5. Let k(x, y) be a double layer kernel. Let Yj , j = 1, 2, be two COO 

curves which intersect only at (0,0). Assume that dy/dtl = il. are unit 
} 1=0 } 

vectors, il, =1= il2 , so that Yj(t) = tilj + S(t), with S(t) = 0(t2). Let 
, d~ 

(2-9) K'2 J(t) = 10 k(y, (t) - Y2(S))J(s)1 Is21 ds. 

Then K'2 is a Mellin operator whose principal symbol is the same as that of 
the Hardy kernel operator with kernel 

k'2(t) = k(til, - il2). 

To show this we assume il, = (1,0) and il2 = (cos e, sine), 0 < e < 2n. 
Then k(y, (t) - y2 (s)) = k(t - s cos e, -s sin e) + R(t, s), where 

(2-10) R(t, s) = 10' e(t, s) . \lk((t - s cos e, -s sin e) + re(t, s)) dr 

with e(t, s) = e(t) - e(s). Since Iy, (t) - Y2(s)1 ~ t + s, we can differentiate wrt 
t to show that 

J(t) f-+ :t 10' R(t, s)J(s) ds 

can be dominated by a Hardy kernel operator. Hence J(t) f-+ J01 R(t, s)J(s) ds 
is a compact operator on LP (J) . 

6. Let y(t) , 0::; t ::; 1 , be a COO curve and k(x, y) a double layer kernel. 
Let 

(2-11 ) rl IdYl KyJ(t) = p.v. 10 k(y(t) - y(s))J(s) ds ds. 

Then K; E Op Lo. 1 (J) and has the same symbol as nk(y (t))ldYldtIH. Ob-
serve that if y(t) - y(s) = y (t)(t)(t - s) + e(t , s) , then 

k(y(t) - y(s)) - k(Y' (t)) = rl e(t, s). \lk(y (t)(t - s) + re(t, s)) dr, 
t - s 10 

which gives rise to a compact operator on LP (J) . 
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7. In Example 6 assume that y is smooth for -1 :::; t:::; +1 and dy(O)/dt= 
ii. For 0:::; t :::; 1, let YI (t) = y(t), Y2(t) = y( -t). The operator KI2 of (2-9) 
has the same symbol as the Hardy kernel k(ii) t~I' The kernel s(t) = * t11 

is the kernel for the Stieltjes transform and 5'(z) = cscnz [LP, (4.30)). In 
particular, if we break a smooth curve y(t), -1 :::; t :::; 1 at t = 0 the Hilbert 
transform p.V. f~; k(y(t) - y(s))f(s)ldy/dsl ds is equivalent to the matrix of 
operators 

= (Hil K12) 
K 21 ' K H-

Y2 

(2-12) 

which has principal symbol at t = 0 given by 

(2-13) nk(ii) x (-cotnz cscnz). 
- csc nz cot nz 

Note that the characteristic polynomial of the matrix In (2-13) is p().) 
(). + i)()' - i) . 

3. LAYER POTENTIALS ON CURVILINEAR POLYGONS 

Let n+ be a simply connected3 domain in R2 whose boundary is a sim-
ple closed curvilinear polygon. As an+ is traversed in the counterclockwise 

-----+ 
direction label the successive N vertices as P2, P4 , ••• , P2N = Po' Let PiP) 

be the oriented piece of an+ between Pi and Pj . Suppose that P2kP2k+~ 
is parametrized by y(t), 0 :::; t :::; 2. For k = 1, ... , N, we introduce the 

I 

false vertices P2k - 1 = Y2k-2(1) and then parametrize P2kP2k-1 by Y2k_l(t) == 
Y2k-2(2 - t), 0 :::; t :::; 1. When t = 0 each parametrization is at one of the 
original vertices; if t = 1 , we are at a "midpoint". For i = 1 , ... , 2N, let 8i 

be the angle interior to n+ at Pi' 0 < 8i < 2n; of course 82k _ 1 = n. We 
--+ 

assume that at t = 0,1, dy)dt are unit vectors; the arclength on PiPi+1 is 
given by da = (-I)ildy)dtl dt. 

For f a scalar or vector function in LP(an+) , we define fi(t) = f(Yi(t)) , 
o :::; t :::; 1, i = 1 , ... , 2N . 

Assume that e(x, y) is scalar or matrix function such that for each i, i = 
1, ... , 2N, ei(t) = e(Yi(t)) is a smooth function. Let k(x, y) be an odd 
double layer kernel. We define the double layer potential 

(3-1) Kf(P) = e(P)f(P) + p.v. r k(P - Q)f(Q) daQ • 
lan+ 

Let 

(3-2) K i,) / (t) = 6i ,)e) (t)/ (t) + p.v. 10 1 k(Yi(t) - y)s))/ (s)( -1 ))1 d: 1 ds, 

3If n+ is multiply connected we apply the method to each component of an+ . 
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ZN 
(KJ)i(t) = LKi,j l(t); 

j=1 

63 

we write K = (Ki , j) i , j= I , ... , ZN for the operator K interpreted as a big system 
of Mellin operators on L P (J) . 

Except in the cases j = i-I, i, i + 1 (mod 2N), the operators Ki,j have 
smooth kernels and thus are compact operators on LP (J). The operators 
K Zk , Zk-I and K 2k - l , Zk are Hardy kernel operators whose symbol is calculated 
by (2-7); in particular their principal symbol vanishes for t > O. The operators 
K Zk ,2k+1 and K 2k+ I ,2k have principal symbol which vanishes for 0 < t < 1; 

I 

near t = 1 , to calculate det(Smbl ii (K)) , we can apply an even number of row 
and column transpositions to reduce the symbol matrix to 2 x 2 block diagonal 
form. After applying the reflection (1-3), we are again reduced to considering 
the previous case at t = 0 with angle eZk+1 = n. The determinants of the 
matrix of principal symbols are summarized in Theorem 2. 

() Theorem 2. For i = 1, ... , 2N, (mod 2N), let K I denote the matrix oj 
blocks 

(3-3) 
(i) , , (K i- I i-I Ki-I i) 

K = Ki,i-I Ki,i . 

Then at t = 0, 

(3-4) 
N 

det(Smbl t (K)) = IT det(Smbl t (K(2i))). 
i=1 

At t = 1, 
N 

(3-5) det(Smblt(K)) = IT det(Smblt(K(Zi-I))). 
i=1 

At z = 1 ± ioo P , 

ZN 
(3-6) det(Smblt(K)) = IT det(Smblt(Ki,i)). 

i=1 

4. ELASTOSTATIC DOUBLE LAYER POTENTIALS IN A PLANE SECTOR 

We give explicit calculations for the double layer potentials for the system 
of elastostatics and hydrostatics in a plane sector. In this section we fix e, 
o < e < 2n , and let Q+ be the sector of opening e: 
( 4-1) Q + = {(x, y) : x = r cos ¢ , y = r sin ¢, 0 < r < 00, 0 < ¢ < e}. 

Denote the two pieces of 8Q+ as SI = {(r, p): r > 0, p = O} and 
S2 = {(r, p): r = Icose, p = lsine, I> O}. We denote by vI = -j and 
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V2 = - sin Oi + cos OJ the exterior normals to 0+ along SI and S2' For a 
vector function f E LP (80+), let fl (t) = f(t, 0), f(t) = f(t cos 0, t sin 0) . 

For (t, s) ti- 80+ , the double layer potential is defined as in (0-17): 

uT(t, s) = lan+ Tv(r,p)(r(t - T, S - p))f(T, p) dar,p 

(4-2) 100 I 
= T~(r(t-T,S))f(s)dT o VI 

+ roo T ~ (r(t -I cos 0, s -I sin 0))((1)( -1) dl. io V 2 

We have 

(4-3) . ± I ±11 I 12..2 hm UT(t, s) = (UT ) (t) = KT f (t) + Ki t (t), 
s--->o± 

where 
±11 I I roo I 

KT f (t) = ±If (t) + p.v. io Tvl(r,p)(r(t - T, O))f (T) dT, 

K~2((t) = - 1000 T v2 (r,p)(r(t -lcosO, s -lsinO))((l)dl. 
(4-4) 

The singular integral operators in ~ II are multiples of the Hilbert transform 
by (2-6) and the operator Ki-2 is a 2 x 2 matrix of Hardy kernel operators with 
5mbl~ (Ki-2) near t = 0 given by the Mellin transform of the kernel. When the 
identity I and the Hilbert transform are considered as Mellin operators, their 
kernels are the distributions l5(t - 1) and h(t) = p.v. ~ t~1 respectively. 

For (t, 0) E SI and (cosO, sinO) E S2' we define 
2 2 2 . 2 (4-5) d = t - 2t cos 0 + 1 = (t - cosO) + SIn O. 

For j = 0, 1 , 2, 3, let 

(4-6) k(t) = ! (t - cosO)i(sinO)3-J 

J n d4 

Let g(x, y) be one of the scalar kernels in the matrix fundamental solution 
(0-13). Then kiF = - ~iFyr and kiF = - ~~ are double layer kernels according 

p r 

to (Definition 2.1). We consider the following scalar double layer potentials: 

ug(t,s)= { :; {g(t-T,S-p)}!(T,p)dar p' 
p ion+ up , 

uiF(t,s)= { ~ {r6'(t-T,S-p)}!(T,p)dar p' 
r ion+ uT ' 

(4-9) 

Taking limits as s --+ O± , we obtain the following Mellin operators on e (R+) : 
(4-10) 

Ki"!'(t) = lim roo -~g(t-T,S)!'(T)dT = (OOk:"(~)!'(T)dT, 
P s--->o± io uy io p T T 

K~2f(t)= roo -~g(t-lcosO,-lsinO)f(l)dl = {OOkI2(~)f(l)dl. 
0 p io uy io gp I I 
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Similarly, we obtain the operators Kill and K~2 and their corresponding 

kernels kill and k~2 . The Mellin ker~els obtained are given in the following 
kernel list. r r 

(4-11 ) 
W(t-r,s-p) 

122 2nlog((r-t) +(p-s)) +0 -h ko + k2 -kl - k3 
1 (r-t)(p-s) -h 0 kl - k3 ko - k2 7r(r_t)2+(p_s)2 

1 (r_t)2 ±o 0 -2k2 -2kl 7r (r - t)2 + (p _ S)2 

1 (p _ S)2 
+0 0 2k2 2kl 7r (r - t)2 + (p - S)2 

In (4-11) we have used the notation a and h for the distribution Mellin kernels 
o(t-l) and p.v'~t~1 respectively. 

To show the explicit dependence of the kernels on the parameter b = }:21 
(cf. (0-3)), we note the following "tricks" which follow from (0-3) and (0-14): 
( 4-12) 

b b 
Jim = "2' Jin = 1 - "2 ' 

b 
Ji (n + 2m) = 1 + "2 ' A(m - n) = 1 - 2b, 

3 
Ji(2m - n) = "2b - 1, Ji(n - m) = 1 - b, Ji(n + m) = 1. 

We now give the structure of the operators Ki:'11 and K~II . 

Theorem 3. Let 

( 4-13) 1{11 = (0 H) 
£"'[0 -H 0 . 

Then 

Ki'11 = ±I + (1 - b)~L 

K±II = ±I ~1{11 
N + 2 £"'[0. 

(4-14 ) 

Proof. With v = -j, we have that 

( 4-15) ( JiU ) T-ur =_ I,p ) ( ,p)) AU + (A + 2Ji)u . 
I,r 2,p 

We apply T -( ) to the columns of the fundamental matrix r(t - r, s - p) 
lJ r, p 

and take limits as s ---> o± . As a sample calculation we calculate the kernel in 
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the 2, 1 position. Using the kernel list (4-11), we obtain 

±II -k;,21 = ,1.[n(-h) - m· 0] + (,1. + 2.u)[-m(-h)] 

= -h[,1.n + (,1. + 2.u)( -m)] 

( 4-16) = -h[,1.(n - m) - 2.um] 

= -h[2b - 1 - 2~] 
2 

=(I-b)h. 

Similarly 

( 4-17) ±II -kN 21 = (,1.+.u)[n(-h)-m·0]+(,1.+2.u)[-m(-h)]. 

The method of simplification to be consistently applied is to collect the coeffi-
cients of ,1. and .u and then to use the tricks (4-12) to write the coefficients in 
terms of b. 

The remaining very tedious calculations are left to the reader. 0 

To calculate the kernels in Ki-2 and K~ , we split the operators into 

~2 = sin eKr. - cos eKr. , 
, J 

where 

( 4-18) 
~~r(t) = roo Tj(r(t-/cose, -/sine))r(l)dl, , 10 
~2r(t) = roo T.(r(t -I cos e, -I sin e))r(l) dl, 

J 10 J 

and 

( 4-19) 
K~2r(t) = roo Nj(r(t -I cos e, -I sin e))r(l) dl, , 10 
K~r(t) = roo N.(r(t -I cos e, -I sin e))r(l) dl. 

J 10 J 

Note that the (-1) from the orientation has been omitted in the definitions 
(4-18) and (4-19). 

Theorem 4. The operators in (4-18) and (4-19) have the following structure: 

( 4-20) 
l{12 _ l{1~ bK 
£~ - £~ + .b, 
iiI 
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(4-21 ) 

( 4-22) 

To simplify the coefficients of k1 and k3' collect the coefficients of ...1. and f..l, 
and apply the tricks (4-12) to obtain 

12 k;p11 = k 1(-1 + b) + k3(-1 - b). 

In calculating the remaining kernels, note that the coefficients to be calculated 
for k? rs are the negatives of the coefficients calculated for ki2, sr . 

J I 

Again the very tedious details are left to the reader. 0 

Taking into account the (-1) introduced by the orientation of the ray S2' 
we have 

( 4-23) 
1(12 . 01(12 01(12 
~~ = sm ~~ - cos ~~ , 

i j 

12 . 12 12 
KN = sm OKN. - cos OKN .. 

I J 

We introduce 

( 4-24) 

so that 

~2 = ~ +bK~~, 
( 4-25) 

K12 _ K12 ~K12 
N - NO + 2 vb. 

N I I K 21 d K22 ext we ca cu ate {.} an {.} . 
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Let U be the reflection about the ray {(t, s) = (l cos ~ , I sin ~) : I > O} : 

( 4-26) U = (C?S e sin e ) 0 

sme - cosO 
Note that UU = 12 and that det U = -1 0 

Then it is "obvious" geometrically or may be verified by a calculation that 
Kil = UK~?U, Ki22 = UKiII U, 

K21 - UK I2 U K±22 - UK±II U 
N- N' N - N 0 

( 4-27) 

Hence both Ki and K~ have the structure 

K± _ (KtoV K~\) 
{o} - UKI2 U UK±II U 0 

{o} {o} 
( 4-28) 

We let (; be the 4 x 4 matrix 

U' -- (102 (4-29) 

Then 

( 4-30) 

So THE SYMBOLS IN A PLANE SECTOR 

We are now reduced to calculating the determinant of a matrix of Mellin 
symbols of the form 

(S-l) 1 , ±, (KtV K~\U) 5mbIP(UK{o}U)= -12 _±llo 
K{o} U K{o} 

First we note that if A and Bare 2 x 2 matrices, then 

(S-2) det (~ ~) = det(A - B) 0 det(A + B)o 

O 1 · (-±ll -12) ir f ur goa IS to express det K{.} ± K{.} U as the diuerence 0 two squares 
so that the zeroes can easily be found. 

We shall call antireflective a matrix of the form C = (~~' ~'2); note that 
12 " 

det C = C;l + C;2' We shall call reflective a matrix of the form D = (~" ~~2 ); 
12 II 

note that detD = -(d~1 + d~2)' Finally observe that if C is antireflective and 
D is reflective, then 

2 2 2 2 (S-3) det(C ± D) = (CII + C12 ) - (dll + d 12 ) = det C + detD. 

First we record the structure of 5mbl; (KtV) near t = O. If Ki-~ is as 
defined in (4-13), it is immediate that near t = 0, 

I II (0 -coos nz) (S-4) sin nz 5mbl" (~o)(t, z) = cos nz 
the matrix in (S-4) is antireflective. 



LAYER POTENTIALS FOR ELASTOSTATICS AND HYDROSTATICS 69 

Theorem 5. Near t = 0, the matrices 5mbl ~ (Kt. ~ 1) are antirej/ective; the sym-
bols are given by 

1 ±ll (±SinnZ -(I-b)COSnZ) sin nz 5mbl p (Ki )(t, z) = ., 
(1 - b)cos nz ± Slll nz 

(5-5) 
(

. b ) 1 ±11 ±slllnz -2cosnz 
sin nz 5mbl p (KN )(t, z) = b .' 

2cosnz ±Slllnz 
To calculate the symbols of the Hardy kernel operators in (4-21), we give 

the Mellin transforms of the kernels. First we introduce 
Ce(z) = cos((n - 8)z + 8), 
Se(z) = sin((n - 8)z + 8). 

(5-6) 

We list the following table of Mellin tranforms for the kernels kj(t) defined by 
(4-6): 

sin nz ko(z) = -!(( -z + 2) sin 8Ce(z - 1) - cos 8Se(z - In, 
sin nz kl (z) = --!{(z - 1) sin 8Se(z - In, 
sin n z k2 (z) = Hz sin 8 C e (z - 1) - cos 8 S e (z - 1 n , (5-7) 

sin n z k3 (z) = -! {( z + 1) sin 8 S e (z - 1) + 2 cos 8 C e (z - 1 n. 
For obvious reasons we note the following formulas which follow easily from 
(5-7) and the trigonometric addition formulas. 

(5-8) 

sin nz(ko(z) - k2(z)) = (-z + 1) sin 8Ce(z - 1), 
sin nz(kl (z) - k3(z)) = -z sin 8Se(z - 1) - cos 8Ce(z - 1), 

sin nz(ko(z) + 3k2(z)) = (z + 1) sin 8Ce(z - 1) - 2 cos 8Se(z - 1), 
sin nz(3k1 (z) - k3(z)) = (-z + 2) sin 8Se(z - 1) + cos 8Ce(z - 1), 

sin n z (ko (z) + k2 (z)) = sin 8 C e (z - 1) - cos 8 C e (z - 1) 
= - sin((n - 8)(z - 1)), 

sin nz(kl (z) + k3(z)) = cos 8Ce(z - 1) + sin 8Se(z - 1) 
= cos((n - 8)(z - 1)). 

The structure of the symbols of the operators (4-24) is explained in Theorem 6. 
We first introduce the reflective matrix 
( 5-8) V = ( sin 8 - cos 8 ) 

- cos 8 - sin 8 . 

Theorem 6. The symbols of the operators ~~ U and K;Jo U are rej/ective matri-
ces and satisfy 
(5-10) 

. 1 12 (Sin(n-8)(Z-I) -COS(n-8)(Z-I)) 
Slll nz 5mbl p (~oU)(t, z) = _ cos(n _ 8)(z _ 1) - sin(n - 8)(z - 1) , 

= - sin(n - 8)zU - cos(n - 8)zV, 

sin nz 5mbl~ (K~o U) (t, z) = - sin(n - 8)zU. 
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The symbol of the operator Kb~ is a matrix of the form {z x antireflective+ reflec-
tive} and satisfies 

o 1 12 0 (cos(n - 8)z -sin(n - 8)Z) 
smnzSmbl p (K-bU)(t, z) = zsm8 0 (8) (8) ( 5-11) v sm n - z cos n - z 

+ cos(n - 8)zV. 

( -±II -12 0 f Finally we are ready to calculate det K{o} ± K{.} U). To aVOld urther con-

fusion, we now calculate det 5mbl* (Kt}) . 
Define 

(5-12) 

Next define 

(5-13 ) 

Let 

( 5-14) 

AB± ( -+11 -12 ) iT (z) = det sin nz(K; ± ~ U) , 
AB± ( -+11 -12 ) iN (z) = det sin nz(KN ± KN U) . 

g;+ (z) = bz sin 8 + (2 - b) sin(2n - 8)z 

= -bz sin(2n - 8) + (2 - b) sin(2n - 8)z, 

g;- (z) = bz sin 8 - (2 - b) sin(2n - 8)z 

= -bz sin(2n - 8) - (2 - b) sin(2n - 8)z, 

g;- = b(z sin 8 + sin 8z), 

g;+ = b(z sin 8 - sin 8z). 

g~+(z) = ~zsin8 + (1 -~) sin(2n - 8)z 

= -~z sin(2n - 8) + (1 - ~) sin(2n - 8)z, 

g~-(z) = ~zsin8 - (1 -~) sin(2n - 8)z 

= - ~ z sin 8 - (1 - ~) sin( 2n - 8) z , 

+- b 0 8 ( b) 0 8 gN = 2z sm + 1 + 2 sm z, 

-+ b 0 8 ( b) 0 8 ) gN = 2 z sm - 1 + 2 sm z. 

Theorem 7. We have that 

( 5-15) 

Proof. Let 

( 5-16) 

AB± ±+ ±-iT (z) = gT (z)· gT (z), 
rE!l± ±+ ±-IN (z) = gN (z)· gN (z). 

A ± 0 (K+ II ± K I2 U) = sm n z ~~ ~~ . 
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Using (4-25), (5-10), and (5-11), the antireflective part of A± is 
(5-17) 

± . ( -11). (cOS(n-8)Z -Sin(n-8)z) 
Aanti = smnz 12 + (1 - b)Kio ± z(sm8) sin(n _ 8)z cos(n _ 8)z ' 

which has determinant given by 

71 

(5-18) (sin nz ± bz sin 8 cos(n - 8)z)2 + (( 1 - b)cos nz ± bz sin 8 sin(n - 8)z/. 

From (4-25) and (5-11), the reflective part of A± is 
± - 12 (5-19) A refl = ±(Ki-Q U + b cos(n - 8)z V), 

which has determinant given by 

(5-20) 

Thus 
(5-21 ) 

- [( cos 8 sin (n - 8) z + (1 - b) sin 8 cos (n - 8) z ) 2 

+ (sin8sin(n - 8)z - (1- b)cos8cos(n - 8)z/] 

= - [ sin 2 (n - 8) z + (1 - b) 2 cos 2 (n - 8) z] . 

f:±(z) = {sin2 nz - sin2 (n - 8)z} + (1 - b)2 {cos2 nz - cos2(n - 8)z} 

+ b2/ sin2 8 ± 2bz sin 8{sin nz cos(n - 8)z 

+ (1 - b)cosnzsin(n - 8)z}. 

In the last two terms of (5-21) we complete the square to obtain 
(5-22) 
t: ± ( z) = (b z sin 8 ± (sin n z cos (n - 8) z + (1 - b) cos n z sin (n - 8) z) ) 2 + rest, 

where 

rest = sin2 nz - sin2 (n - 8)z + (1 - b)2[ cos2 nz - cos2(n - 8)z] 

- (sinnzcos(n - 8)z + (1 - b)cosnzsin(n - 8)z)2 

(5-23) - 2( 1 - b) sin nz cos(n - 8)zcos nz sin(n - 8)z 

+ {sin2 nz - sin2(n - 8)z - sin2 nzcos2(n - 8)z} 
2 2 2 2.2 + (1 - b) {cos n z - cos (n - 8) z - cos n z sm (n - 8) z }. 

The two terms in {.} simplify respectively to - cos2 nz sin2(n - 8)z and 
- sin2 nz cos2(n - 8)z so that 

(5-24) rest = -{cosnzsin(n - 8)z + (1- b)sinnzcos(n - 8)z}2. 

From (5-22) and (5-24), the function It± has been written as the difference 
of two squares o? - fJ2 so that of course It± = (0 + fJ)(o - fJ). That the terms 
have the form given by (5-15) follows from the addition formulas. 

The explicit calculations for ~± proceed in a like manner. 0 
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Remark. 
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In a similar manner we may calculate 

.t:±(z) = det (sin nz(K;:11 ± K~?U)), 
~±(z) = det (sin nz(K~11 ± K~ U)). 

In the calculation the determinant of the reflective part is unchanged and for 
the determinant of the antireflective part (5-18) is replaced by 

(5-26) (- sin nz±bz sin () cos(n - {))z)2 + (( I-b )cos nz±bz sin () sin(n - {))Z)2. 

The final result is that 
( 5-27) 

1 
det ( sin n z 5mbl P (~)) = (bz sin () - b sin(2n - () z))( b z sin () - (2 - b) sin () z) 

x (bz sin () + b sin(2n - {)z))(bz sin () + (2 - b) sin ()z). 
1 

As expected, det ( sin n z 5mblp (~)) has the same form as 
1 + 

det ( sin n z 5mbl p (Ki-)) , 
with the roles of () and 2n - () interchanged, since 2n - () is the "interior" 
angle for the complement of Q+ . 

6. THE SINGULARITIES OF THE PRINCIPAL SYMBOL 

The zeroes and change in argument of det(Smbl t (Kt})) = (sin nz)-41t: (z)· 

f{~}- (z) can be easily calculated from (5-15). Essentially we must consider 
functions of the form . . 

( z) = sm yz _ a sm y , 
(6-1) ga,y yz y 

where -1 ::; a ::; 1 and 0 < y < 2n. An interesting discussion of all the 
complex zeroes of (6-1) is given in Vasilopoulos [V] or Karal and Karp [KK]. 
Let g(Z) = sinZ/Z; of course g(Z) has simple zeroes at Z = ±nn, n = 
1, 2, .... The next lemma is a summary of the remarks of [V, pp. 57 if.] and 
is proved using the Argument Principle. 

Lemma 6.1. Let 0 < C < 1. Then the equation 
(6-2) g(Z) - C = 0 

has exactly one root in the strip 1 0 , rr ' has no roots in the strips 1(2n-l)rr, 2nrr' n = 
1 , 2, ... , and has exactly two roots in the strips 1 2nrr , (2n+l)rr' n = 1 , 2, .... 

The equation 
(6-3) g(Z) + C = 0 

has no roots in the strips 1(2n-2)rr, (2n-l)rr' n = 1, 2, ... , and has exactly two 
roots in the strips 1(2n-l)rr, 2nrr' n = 1 , 2, .... 
Proof. The lemma follows from calculating the change in argument of g(Z)±C 
on the contours Inrr = {Z = nn + iY: - 00 < Y < +oo}. Let 

(Y) _ ( 'Y) _ (_l)n (Y + nni) sinh(nY) gn - g nn + I - 2 2 2 . 
n n + Y 
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The change in argument of go(Y)±C is 0; the change in argument of g2k-l (Y)-
C is 0 and the change in argument of g2k(Y) - C is -2n; in contrast, 
the change in argument of g2k(Y) + C is 0 and the change in argument of 
g2k-l (Y) + C has change in argument -2n. Taking into account the change 
in argument of g(X ± ioo) ± C, the Argument Principle gives the lemma. D 

We denote by Yerit the point where the minimum value of g(t) on [0, 2n] 
occurs; tan Yerit = Yerit; Yerit ~ 257°27' . 

Lemma 6.2. Consider the equation 
. . 

(6-4) g ,( z) = Sill Y z _ 0; Sill Y = 0 , 
a,/· yz Y 

(1) Let 0; = 1. For 0 < Y :::; Yerit' the equation (6-4) has no roots in ro 1; 
for Yerit < }' < 2n there is a single root zo(1, y) E ro 1 which decrea~es 
monotonically from 1 to 1 as Y increases from Yerit to 2n, 

(2) Let -1 :::; 0; < 1. For 0 < Y :::; n, the equation (6-4) has no roots in 
ro 1 ;jor n < Y < 2n there is a single root zo(o;, y) E ro 1 which, for 
fix~d 0;, decreases monotonically from 1 to 1 as Y incr~ases from n 
to 2n. 

Proof. The stated roots are understood easily by sketching the graph of g on 
[0, 2n]. That there are no complex roots follows from Lemma 5.1. D 

We are now ready to announce the zeroes of det(Smbl t (~)). First ob-
serve that if b = 0, we have that g;- and g;+ are identically 0; in par-
ticular 5mblt(~)(~ ± ioo) has rank 2; this shows that the boundary opera-
tor T(u)i/ does not cover L. The following theorem summarizes the roots of 
det(Smbl t (~)) = 0 in ro 1 • 

Theorem 8. (1) For t = 0: 

(6-5) 
1 + 1 ++ +_ _+ __ 

det(Smbl p K{.}) = . 4 g{.} (z)g{.} (z)g{.} (z)g{.} (z). 
Sill nz 

(2) The equations g;+ = 0 and g;:;- = 0 have roots where 

sin(2n - 8)z b sin(2n - 8) . 
2n - 8 2 - b 2n - 8 (6-6) 

Equation (6-6) has a root Zo in rO,1 for 0 < 8 < n (0:::; b < 1), or for only 
0<8<2n-Yerit (b=1). 

(3) The equations g;- = 0 and g~+ = 0 have roots where 

(6-7) sin(2n - 8)z __ b_ sin(2n - 8) 
(2n - 8)z 2 - b 2n - 8 

Equation (6-7) has a root Zo in rO,1 for 0 < 8 < n (0:::; b :::; 1). 
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(4) The equation g;- = 0 has a root where 

(6-8) 
sin 8z 

8z 
sin 8 

--8-' 
Equation (6-8) has a root Zo in r o" iff n < 8 < 2n. 

(5) The equation g;+ = 0 has a root where 

(6-9) sin 8z 
8z 

sin 8 
-8-' 

Equation (6-9) has a root Zo in r o" iff 2n - Yefit < 8 < 2n. 
(6) The equation g~- = 0 has a root where 

sin 8z b sin 8 
8z -2+b-8-' (6-10) 

Equation (6-10) has a root Zo in ro , iff n < 8 < 2n. 
(7) The equation g;:;+ = 0 has a root where 

sin 8z b sin 8 
( 6-11 ) 8 z 2 + b -8-' 

Equation (6-11) has a root Zo in ro , iff n < 8 < 2n. 
, 1 

(8) If 0 < b ::; 1, for 0 < k ::; ! the change in argument of det (Smbl p Kt}) 
on the contour r 1 is O. 

p 

(9) If 0 < b ::; 1, when 8 = n, for 0 < k < 1 the change in argument of 
det(Smbl~ Kt}) on the contour r 1 is O. 

p 

Proof. Statement (1) is Theorem 6; statements (2)-(7) follow from Lemma 5.2. 
Statements (8) and (9) are proved by calculating the change in argument near 
k = 0 and the Argument Principle. 0 

Remark. At the zeroes of det(Smbl~ Kt}) the eigenvectors of the the 2 x 2 
matrices A± are easily computed; in turn the eigenvectors of [rRt} {; and 
'+ K{.} are calculated. 

Definition 6.1. With Kf.} as in equation (4-28), for k not a zero of 

det( sin n z 5mbl ~ (Kt})) , define 
( 6-12) 

± , 1 ± , 
I{.}(p, b, 8) = [number of zeroes of det(sinnz 5mbl p (K{.})) in (0, p)]' 

We note the following facts about It}(k, b, 8). 

(1) It} (k ' b, 8) = 2'11 (change in arg of det kt} on r 1) . 
p 

(2) I1}(k,b,8)=I{.}(k,b,2n-8). 
(3) For 0<8<n, I;(k,b,8)=I~(k,b,8). 
(4) For n<8<2n, I;(k,b,8)=Ti(k,b,2n-8) is independent of b 

for 0 < b ::; 1 . 
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Let us now return to the problem on the domain n+ as described in §4. For 
fE LP(8n+) , let 

(6-13) Ki'f(P) = ±1f(P) + p.v. fan+ Tv(Q)(r(X - Q))f(Q) daQ, 

(6-14 ) Ki'f(P) = ±1f(P) + p.v. r Nv(Q)(r(X - Q))f(Q) daQ. lan+ 
When (6-13) or (6-14) is written as a big 4N x 4N system of Mellin operators 
as in (3-1) ff., the operators K(2i) of (3-3) correspond to the operator Kt} of 
(4-28) with e = e2i ; the operators K(2i-l) of (3-3) correspond to the operator 
Kt} of (4-28) with e = n. Using Theorem 2, Theorem 7, and Theorem 8, we 
obtain 

Theorem 9. Let Kt} denote one of the operators (6-13) or (6- 14). Then 

(1) For 1 < p < 00, Kt.} is a Fredholm operator on LP(8n+) ifffor all 
j, j = 1, ... , N, the operators (4-28), with e = e2j , is a Fredholm 
operator on [LP(R+)t. 

(2) If b = 0, Ki' is not a Fredholm operator on LP (8 n+) for any p, 
l<p<oo. 

(3) If b = 0, K~ is not a Fredholm operator on LP (8n+) iff for some j, 
j = 1, ... ,N, sin(e2j~) = 0 or sin((2n - e2)~) = O. 

(4) If 0 < b ::; 1, Kt} is a Fredholm operator on LP(8n+) for all p, 
2::;p<00. 

(5) If 0 < b ::; 1, the "bad values" of p in (1, 2) , for which the operators 
Kt.} are not Fredholm on LP (8 n+) form a discrete set of cardinality at 
most 2N. 

(6) Ifp isa "good value" for which Kt.} is a Fredholm operator on LP(8n+) , 
the index of Kt.} on LP(8n+) is given by 

N 

( 6-15) indp (Kf.}) = l~J~}(~, b, e2j )· 
j=l 

Proof. The determinant of the symbols of (6-13) and (6-14) are calculated 
using Theorem 2. Statements (1), (2), and (3) follow from the formulas (5-13) 
and (5-14). Statements (4) and (5) follow from Theorem 2, statements (8) 
and (9), applied to the operators (4-28). Statement (6) is the Index Theorem, 
Theorem 1. D 

Remarks. When uniqueness is shown for a double layer potential on L2(8n+) , 
for the "good values" of p the index on LP (8 n+) is the dimension of the 
kernel since uniqueness for the adjoint holds in L q (8n+), 2::; q < 00. 
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In contrast to the case of a finite interval, for the "good values" of p, the 
operators (4-28) have index = 0 on [LP (R+)]4. Cf. [E] or [LP, Definition 3.2] 
for the correct notion of principal symbol in this case; the change in argument 
of det(Smbl t Kr}) at t = 0 is killed by the change in argument at t = 00. 
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