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LAYER POTENTIALS FOR ELASTOSTATICS AND HYDROSTATICS
IN CURVILINEAR POLYGONAL DOMAINS

JEFF E. LEWIS

ABSTRACT. The symbolic calculus of pseudodifferential operators of Mellin type
is applied to study layer potentials on a plane domain Q' whose boundary
8Q™" is a curvilinear polygon. A “singularity type” is a zero of the determinant
of the matrix of symbols of the Mellin operators and can be used to calculate
the “bad values” of p for which the system is not Fredholm on L?(8Q").

Using the method of layer potentials we study the singularity types of the
system of elastostatics

Lu=pAu+ (A+p)Vdiva=0.

in a plane domain Q' whose boundary 8Q" is a curvilinear polygon. Here
>0 and —u <A< +o00. When A = +oo, the system is the Stokes system of
hydrostatics. For the traction double layer potential, we show that all singularity
types in the strip 0 < Rez < 1 lie in the interval (% , 1) so that the system of

integral equations is a Fredholm operator of index 0 on L7 (BQ+) for all p,
2 < p < oo. The explicit dependence of the singularity types on 4 and the
interior angles 6 of 9Q" is calculated; the singularity type of each corner is
independent of A iff the corner is nonconvex.

INTRODUCTION

Recently there has been considerable interest in using layer potentials to solve
L? boundary value problems for elliptic operators and systems on a Lipschitz
domain Q" in R". For the systems of elastostatics [DKV] and hydrostatics
[FKV], Dahlberg, Fabes, Kenig, and Verchota have used Rellich type identities
to prove that the double layer potential integral equations yield a Fredholm
operator of index 0 on LZ(BQ+). For p # 2 only limited information is
available on the boundary integral equations for general Lipschitz domains in
R" . The general problem of the notion of symbol on the boundary of a general
Lipschitz domain is still very much open.

In this paper we treat a very special case: a curvilinear polygonal domain
in R?. In this 2-dimensional case a precise symbolic calculus of pseudodiffer-
ential operators of Mellin type is available. We show that certain double layer
boundary integral equations yield operators which for all p, 2 < p < o0, are
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Fredholm operators of index 0 on L”(8Q"). The singularities exhibited for
p < 2 show the limitations of the general theory.

We develop the theory of double layer potentials for treating boundary value
problems for second order elliptic systems in a plane domain Q" which is
bounded by a curvilinear polygon 8Q" . The double layer potential opera-
tors on L”(8Q") are interpreted as systems of pseudodifferential operators of
Mellin type, or more simply Mellin operators, on L”(0, 1). A symbolic calculus
for Mellin operators was developed by Lewis and Parenti [LP] and J. Elschner
[E]. Our particular interest is to explicitly calculate the singularity types. A sin-
gularity type of a system of Mellin operators K is defined as a complex number
zy, Rezy = 1"11 , at which the determinant of the principal symbol, Smblf%(K) ,
vanishes. Elschner [E] has used singularity types to construct parametrices and
develop asymptotic expansions for solutions of the equation Kf = g. For a
different approach to a symbol map on curves with corners, see Costabel [C].

In §1 we describe the algebra of Mellin operators on the finite interval J =
[0, 1]. We follow closely the notation of [E] since the parametrices have mero-
morphic symbols with poles at the singularity types.

In §2 we describe a class of double layer kernel operators and show that they
are examples of Mellin operators; their principal symbols are calculated.

§3 gives a parametrization of a curvilinear polygon Q" which reduces a
system of double layer potential integral operators on L”(9Q") to a big system
of operators of Mellin type on LP(J). The part of the symbol arising from
each vertex P, of oQ" is the same as for the corresponding operator in a
plane sector of interior opening 6, . Theorem 2 shows that the “bad values”
of p for which the operators are not Fredholm on L”(8Q") are the same as
for the sector problems; for the “good values” of p, the index of the system
on L”(8Q") can be calculated from the change in argument of the principal
symbol for the sector problems and Theorem 1 yields the index. Theorem 2
should be considered as a localization result.

In §4 we apply our results to for the system of linear elastostatics:

(0-1) Lu=puAu+ (A+ pu)Vdiva=0.

The numbers x4 and A are the Lamé moduli; we assume g > 0 and that
—u <A< +4+00. When A = —pu, the operator E is two copies of the Laplace
operator; when A = +o0o, we interpret the operator as the Stokes system of

hydrostatics:

L(u,p)=pAu—-Vp =0,

(0-2) { .( p)=u p
divu=0.

Our interest is in the description of the singularities of solutions in terms of

the interior angles 6 at the vertices of Q" and the parameter 1. We state

our results in terms of the normalized parameter b, defined as
_Atu

(0-3) b= T2

sothat 0< b < 1.

b
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The boundary operator of physical significance is the traction operator. The
stress tensor T = (T; ;) is defined by

(0-6) T, () =A(divw)d; , +u(u; , +uy ),
or in the case of the Stokes system (4 = +00),
(0-7) T,  (u, p) = =p(X)0; , + u(u; , + 1y ),

where u; , =0u,;/0x, . If ¥ is the outward normal to Q" atapoint P €9Q",
the traction operator is

(0-8) T;(u) = T(u)v.

We shall also consider another conormal boundary operator
0 o

(0-9) N, (u) = “5‘; + (A + p)(divu)7,

which for b = 0 reduces to the Neumann boundary operator. Let = denote

the complement of Q uaQ* . The boundary value problems we shall treat are
(1) The Dirichlet problems D, :
Lu=0 inQ* ,
(0-10) { b
ul,x =g€ L7 (0Q").

(2) The traction problems T, :

Lu=0 inQ* R
(0-11) { y s
T, (u)[,q= = g € L7 (0Q").

(3) The Neumann problems N, :

Lu=0 inQi,

(0-12) { N, (u)],o: = g€ LP(9Q).

We represent the solutions of D , as double layer potentials and the solutions
of T, and N, as single layer potentials using the fundamental solution given
by Kupradze [K, Chapter 9, (9.2)]:

n 2 mx,vxj
(0-13) I(x) = (I; ;(X) = <6l\f'§Elogr - ?7)’

) 2 2
with r° = xl2 + x; and

"= A+3u m = A+
T 2u(A+2u)” T 2u(A+2u)

This fundamental solution satisfies

(0-14)

(0-15) L(T(X)) = 26(X)1,
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where the operator L is applied to the columns of the matrix I'. When b =
1, we have n = m and as in Ladyzhenskaya [La, Chapter 3] introduce the
fundamental pressure (row) vector:

q(X) = ;r_z )
so that {I", q} is a solution of the adjoint Stokes system
UAT +Vq =28(X)1,
{ divI'=0.
The solution of D, is sought in the form of the double layer potential

(0-16)

(0-17)" w(X) = [ TN - Q))1(Q) do,.

Taking nontangential limits in L”(8Q") from inside and outside Q" , and
calling the resulting limits u? , we obtain

(0-18) i (P) =K f(P) = +If(P) + p.v. /6 o T;0,/(C(P - Q)f(Q)da,,

where even in the case where dQ" is flat the integral operator in (0-18) is not
compact.

In a like manner the solutions of 7, and N, , are represented in the form
of a single layer potential

(0-19) ug(X) = - /d o (X - Q)f(Q)do,.

Applying the boundary operators T, and N, to ug we obtain integral equa-
tions which are adjoints to the double layer integral equations; e.g.,

[T, (ug)7](P) = (KI)"(P).

In §4 we give explicit expressions for the kernels for elastostatics and hydro-
statics in a plane sector.

In §5 we compute the symbols for the problems in a plane sector. Theorem 7
gives a very simple expression for the determinant of the matrix of symbols in
terms of the parameter b and the interior angle 6.

In §6, we calculate the singularity types of K,? . We first summarize the results
in a a plane sector in Theorem 8. Theorem 8 shows that there is a contrast in
the cases of a corner of Q° where Q" is convex (0 < 6 < n ), and the case of
a reentrant corner (7 < 6 < 27 ). We first note that when b = 0, the operator
T, does not cover L; however, N, covers L for 0 < b < 1. The nature of
the singularity types is

'In the case b = 1 , the kernel TU-(Q)(F(X — Q)) is replaced by

TroT(X = Q). @) = (a0, , +u(T;  + T, ))FQ),

the stress tensor being applied to the columns of {I', q} .
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Case 1. For 0 < @ < =, the Mellin operators K; and K have the same
singularities for 0 < b < 1. For 0 < b < 1, there are two singularity types in
the strip 0 < Re z < 1 ; both singularity types are real and lie in (% , 1). When
b =1, there is a value y_; ~ 257°27" for which there are two singularity types
for 0<6<2n-y,,; for 2n —y_, < 60 <, there is only one singularity type
in the strip.

crit ?

Casell. For n < 68 < 2n, the singularity types for K; inthestrip 0 < Rez < 1
are independent of b, liein (3, 1) and approach } as 6 approaches 27 ; there
is one singularity type in the strip for 7 < 6 < y_. ; a second singularity type
develops for y .. < 6 < 2x.

crit
Finally, Theorem 9 summarizes the “good values” and “bad values” of p
for the double layer potential integral equations on L”(8Q"), where Q" is a

curvilinear polygon.
1. MELLIN OPERATORS ON A FINITE INTERVAL

Algebras of Mellin operators on J = [0, 1] are defined in [LP, Definition
(4.1)] and [E, Definition (4.1)]. We follow closely the notions of [E] since
Elschner develops an extension to meromorphic symbols which arise in con-
structing parametrices. For 0 < a < f < 1, define the strip I"a, 5= {zeC:
a < Rez < B}, and let I‘y be the line {z =y +if:-00 <& < 4+00}. The
symbol space ig, 5 is defined in [E, Definition (1.12)].

For fe C;° (R") define the Mellin transform of f by
(1-1) 412 =f@)= [ .

Let 0 = —td/dt, and for a € ig‘ﬂ , we define the Mellin operator a(¢, 0) €
Op %, , by
(1-2) a(t, 0/ =50 [ ar, 9f(z)dz,
2mi Re z=y
with y € (a, £).

If feL”(J) let Rf be the reflection
(1-3) Rf(t)=f(1-1).

Definition 1.1. 4n operator A from Cf)” (J) to C*(J) is a Mellin operator in
the class Op Z, () iff
(1) Forall ¢,y € C5 ([0, 1)), there are operators ay,,(t,d) € Op 5:2‘,,

and Cy,, , compact on L*(J) for all p with | € (a, ), such that

(1-4) Ay =ay, (1, 0) + Cyy,.
(2) If ¢, w € C*([0, 1]) have disjoint supports, the operator ¢ Ay is com-
pacton L°(J), L €(a, B).
(3) The operator A% = RAR satisfies conditions (1) and (2).
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To define the principal symbol, SmbI%(A) , for A as an operator on L”(J),
we use that there are uniquely defined functions a,(z), a,, (¢) such that for all

¢, v eC(0,1),
84y, (0, 2) = p(0)ay(2)w(0),  z€T, ,,
g, (1, L i00) = (N)ag, (Nw(r), 0<1<1,Le(a,p).

There are uniquely defined functions a,(z), a,,(¢) such that for all ¢, y €
Gy ([0, 1)),

(1-3)

(@)05, (0, 2) = 6(0)a,(2)w(0),  z€T, ,,
(@ )ggy (1, 3 £ i00) = p(a,, (Dw(), 0<t<1,Le(a,p).

Moreover
(1-7) aOi(t):aw(l—t), O<t<l.

(1-6)

1
Let %] be the oriented boundary of the rectangle:

t=0 telo,1] t=1
1

1 ; .
[—]+IOO I—)—IOO
r, |1 R} 1|
p p
1 : 1 .
E—loo ;+IOO
(1-8) t=0 te|0, 1] t=1

Definition 1.2. Let A € Op Za,B(J) and 117 € (a, B). The principal symbol of
A as an operator on L”(J), Smbl? (A), is the quadruple of functions ay(3+i&),
a, (t)y=a,_(1-1), al(% +1i&), a,_(t) = a, (1 —1t), considered as a continuous
function on % f :

t=0  a,(t)=a,_(1-1) t=1
1

1 .
E+IOO 1—7_100
af(d+i¢) |1 R} L aG+id)
%—ioo !l)+ioo
(1-9) t=0 a,_(t)=a, (1-1) t=1

Definition 1.3. Let A = (Aij) bean N x N matrix of operators in OpZ, 4(J).
The system A is elliptic on LP(J) 2 iff Smbl? 4 is a nonsingular matrix on
,%J‘l’ . A number z, € l"a‘/, is a singularity type for A at t =0 [t=1] if
(1-10) det(Smbl? (4)(0, z)) =0 [det(Smbl? (4)(1, zy)) = O].

2For brevity we write LP(J) for [L7(J)]" .
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The following is shown in [E, Theorems 4.4 and 4.6] and [LP, Theorems 4.1
and 4.2].

Theorem 1. Let A = (A,.j) be an N x N matrix of operators in OpZ, 4(J).
Then

(1) A is a Fredholm operator on LF(J) iff A is ellipticon LF(J).
(2) If A is ellipticon L*(J), define

(1-11) ind, (4) = dim((ker A) N L’ (J)) — dim((ker A7) N L7~ ().

Then

(1-12) ind,(4) = % Aﬂ,l, {arg(det(Smbl"l A)},

1
where the change in arg is taken as %] is traversed in the clockwise
direction.

Remark. In treating boundary value problems in domains with corners it is

useful to regard Mellin operators as acting on weighted spaces, e.g., L7’ (J) =

{f:1°f(t) € L(J)}. In this case we suppose that both J + o and 1 lie

in (a, B). The principal symbol would be defined on the oriented rectangle
1

HF ""'? whose left-hand side is the contour T L, » and whose right-hand side
p
is the contour I'; . Cf. [E], but note that our notation differs slightly from [E,

(4.8) ff.]. The apli)roach of weighted spaces is especially useful where different
weights may be introduced at different vertices of a polygon.

When double layer potentials on a curvilinear polygon dQ" are reduced to
a system of Mellin operators as in §3, the operators near ¢ = 1 will correspond
to a smooth part of Q" so that singularities at = 1 will not appear; the
change in arg of det(Smbll17 A) will occur entirely on the contour F‘l’ on the

left-hand side of (1-8).

2. EXAMPLES OF MELLIN OPERATORS

In this section we give examples of Mellin operators in Op X, |(J).
1. The finite Hilbert transform H is defined by

1 l&a's.

‘nfy t—s

(2-1) Hf(1)=p.v
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H isin Op %, ,(J) and Smbl’ H is

t=0 +i t=1
1 1 _
E+IOO 5—100
1

—cotmz 1 R} 1 +cotnz

%—ioo !1,+ioo
(2-2) t=0 —i t=1

2. Let k(1) € ., [LP, Definition 1.1]; i.e., k() € C*([0, c0)) and for

every [ >0, d > 0, 15} k(t) = (t_H‘s) as t — oo. Define the Hardy kernel
operator by

(2-3) ko= [ k()%

Then K € Op %, (/) and Smbl* K is
t=0 0 =1

1 ; 1
p+loo y — 100

k(z) |1 R7 ! 0

~ —Jjoo 1'—,+ioo
(2-4) t=0 0 t=1

Definition 2.1. A function k(x,y) is a double layer kernel if
(1) ke CTR\{0}),
(2) k is homogeneous of degree —1 and odd: for all 2 # 0, k(Ax, Ay) =
A k(x, p).

3. Let k(x, y) be a double layer kernel and 0 < 6 < 2xn. Define
(2-5) K, f(1) / k(t —scos@, —ssin8)f(s)ds.

Then K, is a Hardy kernel operator with kernel
(2-6) ky(t) = k(t — cos@, —sin§).
4. Let k(x, y) be a double layer kernel. Then

(2-7) lim, k(t — s, ) f(5)ds = ¢, f(1) + nk(1, O)H ()
y—0=Jo
where
n—& .
(2-8) = hm/ k(x, 1)dx = lim Mde_
Rmeo e—0" Je sin 0
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This is simply the observation that if we let

k(1) = k(1,0)/¢, [t > 1,
0={ ey, et

then ¢(t) = 0(1/t2) as |t| — oo, so that ¢ € Ll(R). The function

/d»("s

is dominated by the Hardy-Littlewood maximal function of f and approaches
+([P(x)dx)f in LP(J) (cf. Stein [St]). Since k(x, 0) = k(1, 0)/x is an odd
function, ([ ¢(x)dx) is given by (2-8).

5. Let k(x,y) be a double layer kernel. Let )7j, j=1,2,betwo C™

curves which intersect only at (0, 0). Assume that dj i /dtl 0= i ; are unit
=

vectors, i, # i, so that 7,(¢) = tid; + €,(1), with £,(¢) = O(#*) . Let

(2-9) K /(0) = / K3, (0) - () f(5)| 22 ds.

Then K'? is a Mellin operator whose principal symbol is the same as that of
the Hardy kernel operator with kernel

k(1) = k(i - @y).
To show this we assume #, = (1,0) and #, = (cosf,sinf),0 < 6 < 2x.
Then k(7,(1) = 7,(s)) = k(t —scosf, —ssin0) + R(t, s), where
i
(2-10) R(t,s)= / E(t,s) - Vk((t—scosf, —ssin@) + 1é(t, 5))dt
0

with &(¢, s5) = £(t) — €(s) . Since |J,(t) — 7,(s)| ~ t + s, we can differentiate wrt
¢t to show that

1
10~ 5 [ R 9)105)ds

can be dominated by a Hardy kernel operator. Hence f(¢) — fol R(t,s)f(s)ds
is a compact operator on L?(J).
6. Let 7(1), 0<t<1,bea C™ curve and k(x, y) a double layer kernel.
Let
1
- y
(2-11) K, f(1) = p.v./ K(7(0) = 750 S 5)| 5 [ds

Then K; € Op X |(J) and has the same symbol as nk (7 (¢))|d7/dt|H . Ob-
serve that if 7(1) — 7(s) = 7 ()(t)(t — s) + €t , s), then

") 1
k(1) — 7(s)) — KEW) /0 Et, 5)- V(T (00— 5) + 181, 5)) d

t—s

which gives rise to a compact operator on L”(J).
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7. In Example 6 assume that ¥ is smooth for —1 <¢ < +1 and d%(0)/dt =
i.For 0<t<1,let 7(t) =7(t), 7,(t) = 7(~t). The operator K" of (2-9)
has the same symbol as the Hardy kernel k(i#):i;. The kernel s(r) = 1L
is the kernel for the Stieltjes transform and §(z) = cscmz [LP, (4.30)]. In
particular, if we break a smooth curve y(¢), —1 <¢ <1 at t = 0 the Hilbert
transform p.v. f_+ll k(7(t) — ¥(s)) f(s)|d¥/ds| ds is equivalent to the matrix of
operators

H K"
(2-12) K= 7 ,
K H.
72
which has principal symbol at ¢ = 0 given by
(2-13) 2k (i) (—cotnz cscnz>.
—cscmz cotmz

Note that the characteristic polynomial of the matrix in (2-13) is p(4) =
A+DA-1).
3. LAYER POTENTIALS ON CURVILINEAR POLYGONS

Let Q' be a simply connected’ domain in R> whose boundary is a sim-
ple closed curvilinear polygon. As Q" is traversed in the counterclockwise

direction label the successive N vertices as P,, P,, ..., P,y = F,. Let P,.Pj
be the oriented piece of 9Q" between P, and Pj. Suppose that P, P, ,
is parametrized by 7(t), 0 <t < 2. For k = 1,..., N, we introduce the
false vertices P,, |, = 7,,_,(1) and then parametrize P, P, | by 7, _,(t) =
Tok_p(2=1), 0 <t < 1. When ¢ =0 each parametrization is at one of the
original vertices; if /=1, we are at a “midpoint”. For i =1, ..., 2N, let 6,
be the angle interior to Q" at P, 0< 6, <2m; of course 6, |, = n. We
e

assume thatat t =0,1, dy ) /dt are unit vectors; the arclength on PP, is
given by do = (—1)'|d7,/dt|dt.

For f a scalar or vector function in L(0Q"), we define f'(1) = f(7,(2)),
0<t<l,i=1,...,2N.

Assume that c(x, y) is scalar or matrix function such that for each i, i =

1,...,2N, c'(t) = c(7,(1)) is a smooth function. Let k(x,y) be an odd
double layer kernel. We define the double layer potential

(3-1) Kf(P)=C(P)f(P)+p-V-/BQ+ k(P—-Q)f(Q)da,.

Let

(3-2) K" (=6, ;0 (0 +pv /lk(ﬁ(z)—f-(s))f’(s)(—l)’l‘-@lds
" e / ds 1™’

3 Qs multiply connected we apply the method to each component of 9Q" .
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so that

2N
KN =S K" (0);
j=1
we write K= (K"/), ._ . for the operator K interpreted as a big system
of Mellin operators on L”(J). ‘

Except in the cases j =i—1,i, i+ 1 (mod 2N), the operators K'*/ have
smooth kernels and thus are compact operators on L”(J). The operators
K %=1 and K*1% are Hardy kernel operators whose symbol is calculated
by (2-7); in particular their principal symbol vanishes for ¢ > 0. The operators
K*: %+ and K% have principal symbol which vanishes for 0 <t < 1;
near ¢t = 1, to calculate det(Smbl!l’(K)) , we can apply an even number of row
and column transpositions to reduce the symbol matrix to 2 x 2 block diagonal
form. After applying the reflection (1-3), we are again reduced to considering
the previous case at ¢ = 0 with angle 6, , = n. The determinants of the
matrix of principal symbols are summarized in Theorem 2.

Theorem 2. For i = 1,...,2N, (mod2N), let K'Y denote the matrix of
blocks
() Ki—l,i—l Ki-l’i

(3-3) K%Y = ( it i )
Thenat t =0,

1 N \ 2
(3-4) det(Smbl” (K)) = [ ] det(Smbl? (K*")).

i=1

At t=1,

1 N ) )
(3—5) det(SmbI;(K)) = Hdet(smblF(K(ZI_l)))-

i=1

(3-6) det(Smbl? (K)) = [ ] det(Smbl? (K"")).

i=1

4. ELASTOSTATIC DOUBLE LAYER POTENTIALS IN A PLANE SECTOR

We give explicit calculations for the double layer potentials for the system
of elastostatics and hydrostatics in a plane sector. In this section we fix 6,
0< 6 <2m,andlet QF be the sector of opening 6 :

(4-1) Q" ={(x,y):x=rcos¢,y=rsing,0<r<oo,0<¢<6}.

Denote the two pieces of Q" as S, = {(t,p):t > 0,p = 0} and
S, ={(t,p): T =1Icosb,p =1Isinf, [ >0}. We denote by /, = —j and
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U, = —sinfi + cos6j the exterior normals to Q" along S, and S,. Fora
vector function fe LP(9Q"), let f'(t) = (¢, 0), £2(¢) = f(tcos 0, tsin 6).
For (t,s) ¢ 8Q", the double layer potential is defined as in (0-17):

up(t,s)= / T; ., ») (-7, s- p)f(T, p)dat’p

(4-2) / T ‘L',S))fl(s)d‘[
/ T, (I(t — Icos ), s — [sin O)£(1)(~1) dL.
0
We have
(4-3) lim ug(z, s) = (u)' (1) = K ' (1) + K (1),
s—0%
where
Ki”f‘(r):ﬂf‘(znp.v./ T, . Tt —1, 0)f (7)dr,
(4-4) o MY

Kt (1) = - /Ooo T, (T~ lcosO, s~ Isin0)f (1) dl

The singular integral operators in K?” are multiples of the Hilbert transform
by (2-6) and the operator K'T2 is a 2 x 2 matrix of Hardy kernel operators with

Smbl? (K,lrz) near t = 0 given by the Mellin transform of the kernel. When the

identity I and the Hilbert transform are considered as Mellin operators, their
1

kernels are the distributions d(¢ — 1) and A(¢) = p.v. %ﬁ respectively.
For (¢,0)€ S, and (cos®, sinf) € S, , we define

(4-5) d* =1 —2tcosf + 1 = (t —cos 0)2 +sin’ 6.

For j=0,1,2,3, let

1 (t — cos ) (sin )~

(4-6) k() = — —
Let £(x, y) be one of the scalar kernels in the matrix fundamental solution
(0-13). Then k, = ‘3—; and k, = g—f are double layer kernels according

to (Definition 2. lp). We consider the following scalar double layer potentials:

(4—9) u,ff;)(t’s) o ap{g T,S—‘p)}f(‘[, P)dUT’p’

un(t,9)= [ SAEw-T.5= (e, p)do

oQt (9T

Taking limits as s — 0* , we obtain the following Mellin operators on L”(R"):
(4-10)

k" (1) = lim oo——(?——%(t—r,s)f'(r)dt =/°°
, 0

s—0% 8.V

t d
k;}ll(;)fl(f)%,
K;jfz(t) =/Ooo—%é;-(t—lc050 ~Isin6) f*(1)dl =/0°° kél}(;)fz(l)#'

P
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Similarly, we obtain the operators K;“ and Kgl,2 and their corresponding

kernels kgill and kg . The Mellin kernels obtained are given in the following
kernel list. '

(4-11) '
E(t—1,5-p) k%“ ki kélf ks’
2—10g((r—t) 24 (p-9)% +6 ~h kgt k,  —k —k
1 (t=0(p-3)
= —h 0 k, —k k,—k
T(t—1)>2+(p—s)° 17 %3 0~ ™2

2
1 =0 w0 -2 -2k
T(r—0)"+(p-15)
1 (p-s)
- 0 0 2k 2k
T(e—1)+(p-s) ? ‘

In (4-11) we have used the notation § and 4 for the distribution Mellin kernels
d(t—1) and p.v. 1L respectively.
To show the explicit dependence of the kernels on the parameter b = Trz%
(cf. (0-3)), we note the following “tricks” which follow from (0-3) and (0-14):
(4-12)

um= =, im=1—g, u(n+2m):1+é, Alm—n)=1-2b,
2 2 2
u(2m—n)=%b—l, un—m)=1->, un+m)=1.

We now give the structure of the operators K:Tt” and Kﬁ“ .

Theorem 3. Let

1 0 H
(4-13) KTO_<*H 0).
Then
K;'' =41+ 1—b)K} ,
(4-14) 1
K _:tl+2KT0

Proof. With U/ = —j, we have that

(4-15) T,7(“(T’p))=‘</1ul +!g'+"’2u)u2 )
, T P

We apply Tm 2)

and take limits as s — 0. As a sample calculation we calculate the kernel in

to the columns of the fundamental matrix I'(t — 7,5 — p)
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the 2, 1 position. Using the kernel list (4-11), we obtain

—KEY = An(=h) = m - 0]+ (A + 2u)[—m(=h)]
= —h[An+ (A +2u)(—m)]

(4-16) = —h[A(n —m) = 2um]
=—h[2b-1- 2%1
= (1-b)h.
Similarly
(4-17) —kx 'y = A+ w)n(=h) = m - 0]+ (A + 2u)[~m(~h)].

The method of simplification to be consistently applied is to collect the coefhi-
cients of 4 and px and then to use the tricks (4-12) to write the coefficients in
terms of b.

The remaining very tedious calculations are left to the reader. O

To calculate the kernels in K}z and Kllf , we split the operators into

12

K, =sin6K; —cos6K; ,

where
K}ftz(z) = /Ooo T,(T(t — [ cos 6, —Isin6))f' (1) dl,
(4-18) K;fﬁ(z) - /Ooo T,(T(t — Icos 6, —Isin0)f*(1)dl,
and
Kl’fifz(t) = /oo N,(T(t — [ cos 6, —Isin 6))F(I)dl,
(4-19) 0

Kof () = /oo N,(D(t — [ cos 8, I sin 0))f' (/) dl.
1 0

Note that the (—1) from the orientation has been omitted in the definitions
(4-18) and (4-19).

Theorem 4. The operators in (4-18) and (4-19) have the following structure:

K;?:K,;-'%‘Fbxib, Kr;z-:K'lr%""bKjb’
(4-20) ' - ' b

Ky, = Ky + 5K, Ky =Ky + 5Kp,
i i 1 ]
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where the Hardy kernels are

“kx - k3 _ko - kz)
ko+k, —k —ki/)’
k,—ky, ky+ 3k, >
—ky+k, -k +ky)’

(4-21)

Proof. A typical computation is for the kernel in the 1, 1 position.
k. = (4 20)[n(=k, = ky) = m(=2k)] + A(=m)(k, — ky)
=k, [(A+2u)(=n +2m) — Am] + ky[(A + 2u)(—n) + Am].
To simplify the coefficients of k, and k,, collect the coefficients of 4 and u,
and apply the tricks (4-12) to obtain
k' 1y = Ky (=1 +b) + ky(—1 = b).

In calculating the remaining kernels, note that the coefficients to be calculated
for anz ,s are the negatives of the coefficients calculated for -
i

ioSr”
Again the very tedious details are left to the reader. O

(4-22)

Taking into account the (—1) introduced by the orientation of the ray §,,
we have
12

K, =sin OK;Z —cos 6](,}2 ,
(4-23) 12 . 1‘2 112
Ky =sin0Ky —cos 0Ky .
i i

We introduce
12 . 12 12
Ko = sin HKTio — Cos BKTjo ,

(4-24) Ko = sin 6Ky, — cos 01(1‘\1250 :

K,l;,f = sin 0Ki1b2 — cos HKjlbz ,
so that
K2 2 K2 4 K12,

b

(4-25)
Ky = Ky + 3K5.

Next we calculate K%,l} and Kff"} .



68 J. E. LEWIS

Let U be the reflection about the ray {(¢, s) = (/cos§, Isin§):/>0}:
cosf sinf
(4-26) U= <sin0 —cos()) :

Note that UU =1, and that detU = —1.
Then it is “obvious” geometrically or may be verified by a calculation that

Ki’zUK}rzU, K,fn:UK,f“U,
(4-27) 21 12 +22 +11
Ky =UKJU, K =UKy U
Hence both K:Tt and K; have the structure

+11 12
(4-28) Kt = %o Koy
{} 12 +11 .
UK{_}U UK{_} U

We let U be the 4 x 4 matrix

- (L 0
(4-29) U= ( 3 U) .
Then
R R K:}:ll KIZ U
(4-30) UK, U =( RS AN
KLU K

5. THE SYMBOLS IN A PLANE SECTOR

We are now reduced to calculating the determinant of a matrix of Mellin
symbols of the form

cll 12 o,
LkE Ky KU
(5-1) Smbl” (UK, U) = (~12 L1l |-
KLU K
First we note that if 4 and B are 2 x 2 matrices, then
(5-2) det (g ﬁ) = det(4 — B) - det(4 + B).

Our goal is to express det (Kzt,l}l + K?}U ) as the difference of two squares
so that the zeroes can easily be found.
. c
We shall call antireflective a matrix of the form C = (_! ‘). note that

€12 ¢y
detC = clzl + clz2 . We shall call reflective a matrix of the form D = (Z" _d; );
12 11

note that detD = —(a'lzl + dlzz) . Finally observe that if C is antireflective and
D is reflective, then
(5-3) det(C + D) = (¢}, + ¢5,) — (di, + d}) = det C + det D.
First we record the structure of Smbl? (K'Z“}l) near t = 0. If K,'ré is as
defined in (4-13), it is immediate that near t =0,
. T 0 —COSTzZ )\ |
(5-4) sinmz Smbl” (Ko)(Z, z) = <cos7zz 0 > ;

the matrix in (5-4) is antireflective.
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Theorem 5. Near t = 0, the matrices Smbltl’(KE‘L,l}l) are antireflective; the sym-
bols are given by
) 1o 411 tsinnz ~(1 = b)cosmz
sinzz Smbl” (K; )(z, z) = (

1 -b)cosmz tsinnz

b

(5-5) +sinzz —jcosnz>

sin7z Smbl* (KZ'')(z, z) = ,
2cos:zz +sinnz

To calculate the symbols of the Hardy kernel operators in (4-21), we give
the Mellin transforms of the kernels. First we introduce
Cp(z) =cos((m - 0)z +0),
Sy(z) =sin((m — 0)z + 0).
We list the following table of Mellin tranforms for the kernels kj(t) defined by
(4-6):

(5-6)

sinnzky(z) = 1{(—z +2)sin0Cy(z — 1) — cos §S,(z — 1)},
sinnzk (z) = —3{(z - 1)sin6S,(z - 1)},

sinnzk,(z) = ${zsin0Cy(z — 1) — cos 6S,(z — 1)},
sinnzky(z) = 1{(z +1)sin0S,(z — 1) + 2cos 6C,(z — 1)}.

For obvious reasons we note the following formulas which follow easily from
(5-7) and the trigonometric addition formulas.

sinnz(ky(z) — ky(2)) = (=2 + 1)sin0Cy(z - 1),
smnz(k (z) —ky(2)) = —zsin6S,(z — 1) —cos Cy(z - 1),
sin 7tz(k (z)+ 3k z)) =(z+1)sinfCy(z — 1) = 2cos 6S,(z - 1),
51n7rz(3k (z2) —k4(2)) = (=2 +2)sin6Sy(z — 1) + cos0Cy(z — 1),
smnz(k (z)+k z)) =sinfCy(z — 1) —cos0Cy(z - 1)
—sin((r — 0)(z - 1)),
sinmz(k,(2) + ky(z)) = cos 6C,(z — 1) +sin 6S,(z — 1)
=cos((m — 8)(z — 1)).

The structure of the symbols of the operators (4-24) is explained in Theorem 6.
We first introduce the reflective matrix

(5-8) V=< sin 6 _c959>.

(5-7)

(5-8)

I

ky(2))
»(2))
ky(2))
(2))

—cosf —siné

Theorem 6. The symbols of the operators K,IT%U and Kll\,zo U are reflective matri-
ces and satisfy
(5-10)
. Loe12 _( sin(m—6)(z—-1) —cos(m—0)(z~-1)
sinzz Smbl” (KpU)(t, 2) = <— cos(m—0)(z—1) —sin(mr—-0)(z-1)

= —sin(wr — 0)zU — cos(n — 6)zV,

sin 7z Smbl* (K (K NoU)(t, z) = —sin(n — 6)zU.
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The symbol of the operator K},% is a matrix of the form {z x antireflective+reflec-
tive} and satisfies

cos(m —0)z —sin(w —0)z »
sin(m —0)z cos(m—0)z )
+cos(m — 0)zV.

(5-11) sin 7z Smbl? (K:,fU)(t, z)=zsin@ (

Finally we are ready to calculate det (Kil}l + K;z} U). To avoid further con-

fusion, we now calculate det Smbl? (Ky) -

Define
(5-12) ffi(z) = det(sinnz(f(;“ if(}zU)) ,
fﬁi(z) = det (sinzz(KY'' + Kllqu)).
Next define
gr (z) =bzsin@ + (2 - b)sin(2% — 6)z
= —bzsin(2n — ) + (2 — b)sin(2n — 0)z,
(5-13) gr (z)=bzsinf —(2-b)sin(2n - 0)z
= —bzsin(2n — 0) — (2 — b)sin(2n — )z,
gr =b(zsinf +sinfz),
g =b(zsin® —sinfz).
Let
++ b . b .
gn (2)= izsm() +({1- 5 sin(2nx — 0)z
= —gz sin(2m — 6) + (1 - g) sin(2n — 0)z,
en (2)= gzsin() - <1 - %) sin(2n — 0)z
(5-14)

b . b\ .
= —Ezsme - <1 - 5) sin(2n — 0)z,

+— b . b\ .
8N —5251n0+<1+§>sm92,

+

- b . b\ .
&N = Ezsme - (1 + 5) sinfz).
Theorem 7. We have that
(5-15)
Proof. Let

(5-16) A* =sinnz(K3' £ K1U).
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Using (4-25), (5-10), and (5-11), the antireflective part of A= is
(5-17)
A:l:

anti

=sinnz(L, + (1 - b)f(,lr})) + z(sin 0) <COS(7‘[ —0)z —sin(z - 0)Z> ,

sin(mn — )z cos(m —0)z
which has determinant given by

(5-18) (sinmz+bzsinb cos(m — 6?).2)2 +((1=b)cosmz+bzsin b sin(m — 0)2)2.
From (4-25) and (5-11), the reflective part of A% s

(5-19) AL = (KU + beos(n — 0)z V),

which has determinant given by

- [(cos@ sin(m — 6)z + (1 — b)sinf cos(m — 6’)2)2

(5-20) + (sin@sin(m — §)z — (1 — b) cos 6 cos(n — 0)2)2]
= —[sin’(x — 0)z + (1 — b)* cos’(n — 6)z].

Thus

(5-21)

fT@i(z) = {sin2 nz— sinz(n -0)z}+ (1 - b)z{cos2 nz— cosz(n -0)z}
+b°z%sin” £ 2bzsin 0{sinnzcos(n — 0)z
+ (1 =bd)cosmzsin(n — )z},

In the last two terms of (5-21) we complete the square to obtain
(5-22)
ffi(z) = (bzsin6 + (sinmzcos(nm — )z + (1 — b)cosmz sin(w — 19)2))2 + rest,

where
.2 . 2 2r 2 2
rest = sin” 7z —sin“(n — 0)z + (1 = b)"[cos” mz — cos” (n — 6)z]
— (sinmzcos(n — 0)z + (1 — b)cos mz sin(m — t‘))z)2
(5-23) = —2(1 =b)sinnzcos(n — )zcosmzsin(n — 0)z

+ {sin2 nz - sinz(n -0)z - sin’ 7z cosz(n -0)z}

+ (1 - b)z{cos2 nz— cosz(n -0)z - cos’ nz sinz(n —0)z}.
The two terms in {-} simplify respectively to —cos’nz sin2(7z — 6)z and
—sin’nz cosz(n — 0)z so that
(5-24) rest = —{cosmzsin(n — )z + (1 — b)sinzmz cos(m — 0)2}2.

From (5-22) and (5-24), the function f;B * has been written as the difference
of two squares o’ — ﬂ2 so that of course ffai = (a+ B)(a— B). That the terms
have the form given by (5-15) follows from the addition formulas.

The explicit calculations for fx? * proceed in a like manner. O
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Remark. In a similar manner we may calculate
fei(z) det ('sin 7zz(KT :i:KT U)),
5 (z) = det (sinnz(Ky'' £+ Ky U)).

In the calculation the determinant of the reflective part is unchanged and for
the determinant of the antireflective part (5-18) is replaced by

(5-26) (—sinmz+bzsinf cos(n—0)2)2+(( l1—-b)cosnz+bzsinf sin(n—@)z)z.

The final result is that
(5-27)

det (sinzz Smbl’l’(K,;)) = (bzsin@ — bsin(2n — 0z))(bzsinf — (2 — b)sinfhz)
X (bzsin@ + bsin(2n — 6z))(bzsinf + (2 — b)sin G z).

(5-25)

As expected, det (sin7nz Smbl!l’(K;)) has the same form as

det (sinznz Smbl‘l’(Kj;)) )

with the roles of # and 27 — 6 interchanged, since 27 — 6 is the “interior”
angle for the complement of Q" .

6. THE SINGULARITIES OF THE PRINCIPAL SYMBOL

The zeroes and change in argument of det(Smbl'l’ (K;})) = (sin 7{2)_4 f{@}+ (z)-

f{e?}_(z) can be easily calculated from (5-15). Essentially we must consider
functions of the form '

sinyz sin y
(6-1) 8 y(5) = 20 —at
where —1 < a <1 and 0 < y < 2m. An interesting discussion of all the
complex zeroes of (6-1) is given in Vasilopoulos [V] or Karal and Karp [KK].
Let g(Z) = sinZ/Z; of course g(Z) has simple zeroes at Z = tnn, n =
1,2, .... The next lemma is a summary of the remarks of [V, pp. 57 ff.] and
is proved using the Argument Principle.

Lemma 6.1. Let 0 < C < 1. Then the equation

(6-2) g(Z)-C=0
has exactly one root in the strip 1"0 . » has no roots in the strips F hx.amme M=
1,2, ..., and has exactly two roots in the strips 'y, . 5, ., n=1,2,
The equation
(6-3) gZ)+C=0
has no roots in the strips r(Zn——Z)n,(Zn—l)n’ n=1,2,..., and has exactly two

n=1,2,....
Proof. The lemma follows from calculating the change in argument of g(Z)+C
on the contours I', = {Z =nn+iY: —oo <Y < +oo}. Let

g,(Y)=g(nn +iY) = (-1)" n(Y + ””’)51‘1112(771’)
n°+Y

roots in the strips I“(zn_l)n,zm,
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The change in argument of g;(Y)+C is 0; the change in argument of g,, _,(Y)—
C is 0 and the change in argument of g, (Y) - C is —2m; in contrast,
the change in argument of g, (Y)+ C is 0 and the change in argument of
&y_1(Y) + C has change in argument —27z. Taking into account the change
in argument of g(X + ioco) &+ C, the Argument Principle gives the lemma. O

We denote by y
occurs; tany

the point where the minimum value of g(¢) on [0, 2x]
~ 257°27 .

crit
crit — 7}crit > ycril
Lemma 6.2. Consider the equation

sinyz sin
(6-4) 8, ,(2)= 15 —a2t =

S —e—- =0,  zeTy,

(1) Let a=1. For 0 <y <7y, the equation (6-4) has no roots in Iy | ;
Jor y.q <y <2m there is a single root zy(1,y) €T which decreases
monotonically from 1 to % as y increases from y ., to 2m.

(2) Let -1 <a< 1. For 0 <y <z, the equation (6-4) has no roots in
Iy, Jfor m <y <2m there is a single root zy(a, y) € Ty | which, for

fixed «, decreases monotonically from 1 to % as y increases from m

to 2m.

Proof. The stated roots are understood easily by sketching the graph of g on
[0, 27]. That there are no complex roots follows from Lemma 5.1. O

We are now ready to announce the zeroes of det(SmblfL’(K;)). First ob-
serve that if b = 0, we have that g{" ~ and g * are identically 0; in par-

ticular Smbl'l’(l(f;)( 117 + ioo) has rank 2; this shows that the boundary opera-

tor T(u)7 does not cover L. The following theorem summarizes the roots of
1

det(Smbl? (K)) =0 in T .

Theorem 8. (1) For t =0:
1 1 - _ __
(6-5)  det(Smbl’ Kj.)) = mg{.? (2)8( (2)ggy ()& (2).

(2) The equations gy =0 and gy~ =0 have roots where

sin(2z7 — 0)z b sin(2m —6)

(6-6) 2n—-6  2-b 2n-6
Equation (6-6) has a root z, in Ty | for 0< 6 <z (0<b<1), orfor only
0<0<2m—y, (b=1).
(3) The equations gy~ =0 and gy =0 have roots where
(6=7) sin(2z — 0)z _ b sin(2m — 9)'
2n—-0)z 2-b 2m-06

Equation (6-7) has a root z;, in Ty | for 0<6<m (0< b<1).
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(4) The equation g; =0 has a root where

sinfz sin 8

(6=8) oz T8
Equation (6-8) has aroot zy, in I'y | iff t<6<2m.

(5) The equation gr* =0 has a root where

sinfz sinf
(6-9) 0z " 0
Equation (6-9) has a root z in Iy iff2n—y. .. <0 <2m.

crit
(6) The equation g;}_ = 0 has a root where
sinfz b sinf
(6-10) 6z ~ 2+b 0
Equation (6-10) has a root z, in Iy | iff # <6 <2n.

(7) The equation gy * =0 has a root where

sinfz b sinf
0z 2+b 0
Equation (6-11) has aroot z; in Ty | iff # <60 <2m.
(8)If0<b<1, for 0< Il) < § the change in argument of det (Smbl!l’ KE’_})
on the contour T} is 0.

(6-11)

P
NIfO0<b<1,when § =m, for 0 < [l) < 1 the change in argument of
det(Smbl? Kz,}) on the contour T, is 0.
P

Proof. Statement (1) is Theorem 6; statements (2)—(7) follow from Lemma 5.2.
Statements (8) and (9) are proved by calculating the change in argument near
5 =0 and the Argument Principle. O

Remark. At the zeroes of det(Smbl!l’ K{+,}) the eigenvectors of the the 2 x 2
matrices AT are easily computed; in turn the eigenvectors of U Kf,}fj and
Kz",} are calculated.

Definition 6.1. With K{i,} as in equation (4-28), for [l, not a zero of

det(sin .z Smbl? (KY.,)), define
(6-12)

I{i}(llJ b, 0) = [ number of zeroes of det(sinmz Smbl%(K{i_})) in (0, )]

We note the followmg facts about I{}( b, 0).

1) {}(p, b, 0)= (change in arg of detK{_} onl,).
2) I{}(p,b 9)—1{}(p,b 2n —0).

3) For 0<f<m, 1*1 b,0)=I3(3,b,0).

)

4) For n <6 < 2m, IT(},,b,(?)—I (’{,b,2n—0) is independent of b
for 0<b<1.

(
(
(
(
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Let us now return to the problem on the domain Q" as described in §4. For
fe L7(0Q"), let

(6-13) K} f(P) = +If(P) + p.v. /d . T/ T(X = O)N(Q) do,,

(6-14) K;f(P) = +If(P) + p.v. /6 . No@T(X - O)f(Q) do,.

When (6-13) or (6-14) is written as a big 4N x 4N system of Mellin operators
as in (3-1) ff,, the operators K 20 of (3-3) correspond to the operator K{i,} of

(4-28) with 6 = 0,, ; the operators K =D of (3-3) correspond to the operator
KE‘L_} of (4-28) with 8 = n. Using Theorem 2, Theorem 7, and Theorem 8, we
obtain

Theorem 9. Let K:{t,} denote one of the operators (6-13) or (6— 14). Then

(1) For 1 < p < o0, K:{t,} is a Fredholm operator on L (0QX") iff for all
j, j=1,..., N, the operators (4-28), with 6 = sz, is a Fredholm
operator on [L” (R )]4.

2) If b =0, KT is not a Fredholm operator on L*(8Q") for any p,
l<p<x.

(3) If b=0, K: is not a Fredholm operator on L?(OQ") iff for some j,
j=1,..., N, sin(6,,3) =0 or sin((2n - 6,,);) = 0.

4) If 0<b <1, K{_} is a Fredholm operator on L”(8Q") for all p,
2<p <.

(5) If 0 < b < 1, the “bad values” of p in (1, 2), for which the operators
Kj‘{t,} are not Fredholm on L (0Q") form a discrete set of cardinality at
most 2N .

(6) If p isa “good value” for which Kf,} is a Fredholm operator on L?(8Q"),

the index of Kf,} on LP(OQ") is given by
N
(6-15) ind, Z

Proof. The determinant of the symbols of (6-13) and (6-14) are calculated
using Theorem 2. Statements (1), (2), and (3) follow from the formulas (5-13)
and (5-14). Statements (4) and (5) follow from Theorem 2, statements (8)
and (9), applied to the operators (4-28). Statement (6) is the Index Theorem,
Theorem 1. O

Remarks. When uniqueness is shown for a double layer potential on L2(8§2+) ,
for the “good values” of p the index on L”(8Q") is the dimension of the
kernel since uniqueness for the adjoint holds in LY(0Q"), 2 < ¢ < .
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In contrast to the case of a finite interval, for the “good values” of p, the
operators (4-28) have index =0 on [L” (R+)]4. Cf. [E] or [LP, Definition 3.2]
for the correct notion of principal symbol in this case; the change in argument
of det(Smbl% K{i,}) at ¢t =0 is killed by the change in argument at ¢ = co.

€]
[DKV]
(E]
[FKV]
[La]
[LP]
[F]
[Ku]
[St]

vl

REFERENCES

M. Costabel, Singular integral operators on curves with corners, Integral Equations and
Operator Theory 3 (1980), 323-349.

B. E. J. Dahlberg, C. E. Kenig, and G. C. Verchota, Boundary value problems for the systems
of elastostatics in Lipschitz domains, Duke Math. J. 57 (1988), 795-818.

J. Elschner, Asymptotics of solutions of pseudodifferential equations of Mellin type, Math.
Nachr. 130 (1987), 267-305.

E. B. Faves, C. E. Kenig, and G. C. Verchota, The Dirichlet problem for the Stokes system
on Lipschitz domain, Duke Math. J. 57 (1988), 769-795.

O. A. Ladyzhenskaya, The mathematical theory of viscous incompressible flow, Gordon and
Breach, 1963.

J. E. Lewis and C. Parenti, Pseudodifferential operators of Mellin type, Comm. Partial Dif-
ferential Equations 8 (1983), 477-544.

C. J. Karal and S. N. Karp, The elastic-field behavior in the neighborhood of a crack of
arbitrary angle, Comm. Pure Appl. Math. 15 (1962), 413-421.

V. D. Kupradze, Potential methods in the theory of elasticity, Israel Program for Scientific
Translations, Jerusalem, 1965.

E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ.
Press, 1966.

D. Vasilopoulos, On the determination of higher order terms of singular elastic stress fluids
near corners, Numer. Math. 53 (1988), 51-96.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS AT CHIcAGO, P.O. Box 4348,
CHICAGO, ILLINOIS 60680-4348 (U12585@UICVM.BITNET)



	0060055
	0060056
	0060057
	0060058
	0060059
	0060060
	0060061
	0060062
	0060063
	0060064
	0060065
	0060066
	0060067
	0060068
	0060069
	0060070
	0060071
	0060072
	0060073
	0060074
	0060075
	0060076
	0060077
	0060078

